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Abstract: This paper addresses distributed consensus optimization problems with mixed-
integer variables, with a specific focus on Boolean variables. We introduce a novel distributed
algorithm that extends the Consensus Augmented Lagrangian Alternating Direction Inexact
Newton (CALADIN) framework by incorporating specialized techniques for handling Boolean
variables without relying on local mixed-integer solvers. Under the mild assumption of Lipschitz
continuity of the objective functions, we establish rigorous convergence guarantees for both con-
vex and nonconvex mixed-integer programming problems. Numerical experiments demonstrate
that the proposed algorithm achieves competitive performance compared to existing approaches

while providing rigorous convergence guarantees.
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1. INTRODUCTION

Mixed-integer programming (MIP) has attracted increas-
ing attention in recent years due to its wide range of
applications, including express transport network design
(Zhu and You (2025)), wireless antenna selection (Zhu
and Du (2022)), and optimal demand shut-offs in AC
microgrids Du et al. (2023). However, as the scale and com-
plexity of optimization problems continue to grow, solving
MIPs on a single computing node has become increasingly
impractical (Doostmohammadian et al. (2025)).

Traditional MIP algorithms are primarily centralized
and include classical methods such as branch-and-bound,
cutting-plane, and branch-and-cut. For a comprehensive
overview of these techniques, readers are referred to
Wolsey (2020) and Conforti et al. (2014). In addition, sev-
eral heuristic approaches have demonstrated strong empir-
ical performance without formal convergence guarantees,
such as the semidefinite relaxation (SDR) method pro-
posed by Luo et al. (2010) and the e-approximation algo-
rithm for mixed-integer quadratic programming (MIQP)
presented by Pia (2023). However, most of the aforemen-
tioned studies focus on centralized computation, which
often suffers from high memory demands and long compu-
tation times in large-scale settings. Therefore, developing
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distributed algorithms for solving MIPs has become an
increasingly urgent and essential research direction.

Distributed optimization algorithms can be broadly cat-
egorized into two classes: (i) primal decomposition and
(ii) dual decomposition. This paper focuses primarily on
solving MIP problems using distributed optimization al-
gorithms of the dual decomposition type.

Existing Literature. Both primal and dual decompo-
sition methods have been widely used for mixed-integer
programs (MIPs). In primal decomposition, Kuwata and
How (2010) proposed a cooperative distributed algorithm
for trajectory optimization using mixed-integer linear pro-
gramming (MILP), which sequentially optimizes subprob-
lems with low-dimensional parametric perturbations to
ensure robustness and monotonic improvement. Similarly,
Camisa et al. (2021) developed a distributed MILP frame-
work that guarantees finite-time feasible solutions with low
sub-optimality. Testa et al. (2019) achieved convergence
by iteratively generating cutting planes and exchanging
active constraints. However, these works are limited to
MILP. More recently, the Partially Distributed Optimiza-
tion Algorithm (PaDOA) Murray et al. (2021) extended
primal decomposition to mixed-integer convex programs
(MICP) by alternating between decoupled mixed-integer
subproblems and a centralized MILP master problem,
achieving global optimality within e-accuracy. Nonethe-
less, PaDOA still relies on centralized MILP solvers. Dual-
decomposition-based distributed algorithms for mixed-
integer programming have received even greater attention.
Within this framework, Vujanic et al. (2016) and Falsone

2072



et al. (2019) proposed dual-based decentralized MILP al-
gorithms using adaptive constraint tightening for finite-
time feasible convergence. Dong and Xia (2024) extended
to mixed-integer nonlinear programming (MINLP) with a
convexification procedure. However, all these methods rely
on external MIP solvers for subproblems, limiting scal-
ability. As a representative dual decomposition method,
ADMM has been widely studied for distributed mixed-
integer optimization. Sun et al. (2024) applied ADMM to
MILP with rigorous convergence analysis. Zhu and You
(2025) used ADMM for express transport network design
(MILP). Liu and Stursberg (2022) showed that, with suf-
ficiently large penalty parameters, ADMM achieves zero
duality gap for MICP, a strong convergence result. Yet all
these methods require solving MIP subproblems, which
is computationally expensive. Only a few works avoid
centralized MIP solvers: Le and Malikopoulos (2025) ad-
dressed an MIQP traffic problem using ADMM with Big-
M, but is numerically unstable; Takapoui et al. (2020)
directly round integer variables, but are heuristic without
convergence guarantees. ALADIN Houska et al. (2016);
Du and Wang (2025) incorporates SQP into ADMM,
guaranteeing global convergence for convex problems and
local convergence for nonconvex ones. Its mixed-integer
extensions Murray and Hagenmeyer (2020) provide the-
oretical guarantees for convex and nonconvex MIPs, yet
rely on centralized MIP solvers in practice. To the best of
our knowledge, no existing work solves distributed mixed-
integer optimization with convergence guarantees with-
out relying on MIP solvers. This motivates a distributed
solver that (i) operates without local MIP solvers, and (ii)
provides rigorous convergence guarantees for convex and

nonconvex MINLPs.

Main Contributions. Motivated by these challenges,
we propose Mix-CALADIN, a Consensus-ALADIN-based
algorithm for Boolean mixed-integer optimization. To our
knowledge, it is the first such method that (i) efficiently
solves distributed mixed-integer problems, (ii) operates
without local mixed-integer solvers, and (iii) provides local
convergence guarantees. Our contributions are as follows.
A. Two-stage algorithm. We propose a novel two-stage
distributed optimization algorithm for solving distributed
mixed-integer programming problems. Stage I solves a re-
laxed continuous problem via Consensus ALADIN; yield-
ing a deterministic lower bound and a high-quality initial
point for Stage II. Inspired by Hall et al. (2021); Du et al.
(2023), Stage II adds, at the coordinator, a constraint
keeping relaxed integer variables in [0,1] and a penalty
term driving them toward Boolean values, ensuring con-
vergence.

B. Convergence guarantees. Stage I inherits Consensus
ALADIN’s properties: global linear convergence for convex
L-smooth problems (Du and Wang, 2025, Theorem 2)
and local linear convergence for nonconvex problems (Du
and Wang, 2025, Theorem 3). For Stage II, under Lips-
chitz continuity, convergence holds when the augmented
Lagrangian parameter p exceeds the Lipschitz constant
(Theorem 1). Numerical simulations confirm the theory.

2. PROBLEM FORMULATION

We consider the following distributed consensus mixed-
integer optimization problem with N agents:

N
N — (1)

vie{l,...,N}

s.t. x; =z,

where z; = [y,b]1",y; € R",b; € {0,1}"4. Each
agent i has a local objective function f; : R™%Tme — R
and a decision variable z; = [y;/,b]]T, where y; € R
are continuous variables and b; € {0,1}"¢ are Boolean
variables. The global consensus variable z = [z],z]]"
comprises continuous components z. € R™¢ and Boolean

components zq € {0,1}".

3. PRELIMINARIES OF CALADIN

This section provides the preliminary knowledge for our
work. We begin with an overview of CALADIN, an al-
gorithm for large-scale distributed consensus optimization
with continuous variables, which lays the foundation for
our approach.

CALADIN, see Du and Wang (2025), Du et al. (2025b) is
a distributed algorithm for solving consensus optimization
problems of the form (1) without boolean part, where all
local variables z; and the global consensus variable z are
n-dimensional vectors. The augmented Lagrangian is given
by: £(z,2,0) = S5, filwi) + Al (2 = 2) + §llai — 2,
where x = [z{,..., 2] " collects the primal variables and

A=[A,...,AL]T collects the dual variables.

The CALADIN algorithm proceeds as follows:

k+1 K "
Lan arg min f;(x;) + ()\[ ]> T;

2 %

+ g\m L2 wie,

gi = Vfi($£k+1])7 H; = V2fi($£k+1]) =0, 2)

N

; Ty, ) T .
(Z[k],)\[k]) _ Azg-ner];{{n Z Axl HzACCz + 9; AIZ
=1

st gt + Az, =z | N, Vi

i

The algorithm consists of three main steps: (1) each
agent minimizes its augmented Lagrangian with respect
to local variables; (2) all agents compute local gradients
g; and positive definite Hessian approximations H;; (3) a
coordinator solves a consensus quadratic program (QP)
using the collected local information to update the global
variable z and dual variables \;.

For continuous variables, our previous work Du and Wang
(2023, 2025); Du et al. (2025a)) have established local
convergence guarantees for nonconvex problems and global
convergence for convex problems. The aim of this paper
is to extend the CALADIN framework to handle mixed-
integer optimization problems as formulated in (1).

4. MIX-CALADIN

This section presents a novel distributed algorithm for
solving problem (1).
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4.1 Algorithm Development

In this section, we present our proposed two-stage dis-
tributed mixed-integer algorithm, detailed below as Algo-
rithm 1.

In Stage I, we consider a continuous relaxation of prob-
lem (1), constructed by relaxing the Boolean constraint.
Crucially, this relaxed problem yields a theoretically guar-
anteed lower bound for the original problem (1), and
this guarantee holds irrespective of the convexity of the
functions f;. The implementation of Stage I follows the
established method described in (2) and is therefore not
repeated here. Notably, the coordination step in (5) admits
a closed-form solution, which reduces the computational
burden compared to the original CALADIN formulation.

Algorithm 1 Mix-CALADIN

Initialization. Randomly choose dual variable \; € R"™ct"a for
each node i € V, and global variable z € R?¢t"d, Set 8 > 1.
Stage I Iteration.

1. Paralleled solve local NLP without subsystem coupling:

2l = argmin fi(@) + W) Ty + 2L [fos — 219

[
Tq

2. Evaluate the Hessian and gradient:
g9i = Vi, B~ V2T - 0. (4)

3. The coordination:

N -1/ N
[k+1] _ . MR
T (2 H) (2 e g’) 5)

)\Ek+1] _ Hi(x£k+l] _ ey g

If ||zlF+1] — 2[K]|| < ¢, then switch to Stage II with z* = z[k+1]

Stage II
Initialization. Set 2! = z* from Stage I. Set a = 1,k = 1.
Iteration.

1. Inner level: Do iteration k:

e For each agent: evaluate the gradient and transmit it to
the coordinator:

gi = V1 (zIF). (6)
e For coordinator: receive g; from each agent and transmit
2kl to each agent.

N
N, 2
P L arg min % Hz — 2[¥] H +27 Zgi
’ =
+ a(l — 22([;6])1—,2(1
st. 0< 24 < 1.
If Hz[kJrl] - z[k]H < €jnner, then output to the outer level
z* = zIk+1] Else set k=k+1 and go to the inner level.
2. Outer level: If (1 — Z;)Tz:; > €outer, then the coordinator sets
a = Ba,k = k+1,2F1 = 2* and go to the inner level. Else
terminate operation.

3. Output: z*.

Stage II of Algorithm 1 is initialized using the solution
from Stage I by setting z[!l = 2* and implements a bi-
level optimization framework. The inner level is inspired
by (Wu et al., 2025, Algorithm 3)), where information
exchange is managed solely by a coordinator while each
agent performs only gradient evaluation. Specifically, at

each iteration, the inner level executes two steps: (i) each
agent computes its local gradient g; at z[¥ according to
(6), and (ii) the coordinator solves the convex quadratic
program in (7) with box constraint 0 < z4 < 1, employing
the term oz(l—2z£lk] )T 24 to drive the continuous variable zg
toward Boolean values as « increases, a strategy motivated
by Zhu and Du (2022); Du et al. (2023). The inner level
iterates until || z* 1 — 2| < €per, outputting z* = 2F+1
to the outer level or proceeding to iteration k+1 otherwise.
In the outer level, if (1 — zg[lkﬂ])Tz([ikH] > €outer, the
penalty parameter is increased via o < fa (8 > 1) and
the inner level is restarted with k < k + 1 and z[F = 2*;
otherwise, z* is returned as the final solution. The theo-
retical convergence analysis is provided in the subsequent
section. Note that, Stage I of Algorithm 1 can be replaced
by other distributed optimization algorithms to initialize
Stage II. However, since CALADIN offers favorable con-
vergence guarantees and numerical performance for both

convex and non-convex problems (Du and Wang (2025)),
this paper focuses on CALADIN.

Remark 1. Smoothness Approximation for Boolean
Variables: To enforce convergence of z4 to Boolean solu-
tions, one could incorporate the nonconvex term a(l —
24) " zq into (7) with sufficiently large o. However, this
approach may lead to numerical instability. Inspired by
Hall et al. (2021); Zhu and Du (2022); Du et al. (2023),
we instead use the convex approximation a(1 — ZZ[[ik])T
at each iterate z([ik] to maintain numerical robustness while
achieving the desired convergence behavior. Note that the
convergence of the centralized linear complementarity QP
(LCQP) discussed in Hall et al. (2021) relies on step-
size adjustment for the primal variable, i.e., a globaliza-
tion strategy. In contrast, due to the inherent distributed
optimization nature of ALADIN, no such globalization
strategy is required. Moreover, aside from Le and Ma-
likopoulos (2025) (numerically unstable) and Takapoui
et al. (2020) (heuristic, no convergence guarantee), no ex-
isting distributed optimization algorithm operates without
a centralized mixed-integer programming solver.

2d

4.2 Convergence Analysis

This section presents the convergence analysis of Algo-
rithm 1. Before stating the convergence theorems, we first
introduce the following assumptions, which serve as the
foundation for our convergence analysis.

Assumption 1. For each agent i, the local cost function
fi : R® = R is closed, proper, and L-smooth, i.e., there
exists a Lipschitz constant L > 0 such that for all x,, z; €
R™:

Fiwa) < Fi@) + V@) @a — ) + Lllea —mlP (8)

Assumption 2. For each agent i, the local cost function
fi : R® — R is closed, proper, and strongly convex, i.e.,
there exists a constant p; > 0 such that for all x,, z, € R™:

fi($a)+vfi($a)T(zﬁ —xa) + %Hxﬁ - xaHQ < fz(*Tﬁ) (9)

Assumption 3. For each agent i, the local cost function
fi : R® — R is closed, proper, twice continuously differ-
entiable, and satisfies the second-order sufficient condition
at a local minimizer «* of (1) without boolean part, i.e.,
Vin (l‘*) > 0.

2074



Assumptions 1, 2, and 3 are essential for the convergence
analysis of Stage 1 of Algorithm 1. Assumption 3 pro-
vides local convergence guarantees for smooth non-convex
problems. Assumptions 1 and 2 provide global convergence
theory for smooth convex problems. Detailed convergence
analysis can be found in (Du and Wang, 2025, Theorem 2
and 3). Furthermore, Assumption 1 is also used to estab-
lish the convergence of Stage II. All these assumptions are
common in numerical optimization.

We now establish the convergence theory for Stage IT of
Algorithm 1. Theorem 1 shows the convergence of the
inner level. It relies on the monotonic decrease of the
energy function

N
B = i) + aqlt, (10)
i=1

where y[¥ == (1 — z([ik])—'—z([ik}. The proof is available in Han

et al. (2026). It will also appear in an extended version of
this paper.

Theorem 1. Local Convergence of Stage II of Algo-
rithm 1: Suppose each agent ¢ has a local cost function
fi satisfying Assumption 1. For fixed py > L, the energy
function satisfies:

E(zFH) < B(IM). (11)

With the inner-loop convergence of Stage II secured by
Theorem 1, the role of the outer loop is to increase «, a
strategy that drives the entire algorithm toward a solution
satisfying the Boolean constraint. Specifically, this increase
is triggered once the change in the inner-loop variable z is
below €;nner, a criterion which ensures that the inner-loop
has sufficiently converged before tightening the constraint.
Following (Hall et al., 2021, Theorem 1) and (Ralph*
and Wright, 2004, Section 5), it can be shown that as
a gradually increases and becomes sufficiently large, the
Boolean constraint on the variables will be satisfied and
the outer level of Stage II will converge to a local optimum
of problem (1).

5. NUMERICAL SIMULATION AND RESULTS

To validate Mix-CALADIN for mixed-integer programs,
we adapt the sensor localization problem from Du and
Wang (2025) to distributed consensus mixed-integer set-
tings and conduct numerical simulations on two represen-
tative cases.

The first case studies a nonconvex sensor localization prob-
lem with mixed-Boolean constraints, designed to demon-
strate the algorithm’s capability in handling challenging
nonconvex optimization landscapes. The problem is for-
mally formulated as follows:

N
. 1 1
min > (Gl = IR S - I

vie{l,...,N} i=1
F30(@ll - uld? - qW)*)
=1

s.t. T; = 2,

T T
zz:[yl’bl )

yi €R™, b € {0,1}"4.

The number of agents is NV = 20, the dimensions of the
continuous and boolean parts of the local variable x; are
n. = 10 and ng = 10, respectively. The parameter vectors
¢ € R, Cf € R, (] € R™ are drawn randomly from
a standard normal distribution. Note that the element-
wise operation (y; — b;)? in the objective function requires
ne = ng. Thus, the dimension of (] is ng (or n.).

The second case studies a convex objective function, allow-
ing for a performance benchmark against established dis-
tributed optimization methods, specifically the projection-
based ADMM technique Takapoui et al. (2020). This
approach does not rely on mixed-integer programming
solvers; instead, it first employs a standard continuous
variable solution method and then applies rounding. The
parameter set (IV, nc,nd,(f‘,gf) is shared with the first
problem, with the removal of the nonconvex term being
the only difference. This problem takes the form:

N

. 1 1
min 30 (Gl -6l + Gl - 712)

Vie{i,...,N} i=1

s.t. T; =z, (13)
z; = [y /],
yi € R™, by € {0,1}"d.

For a fair comparison, the parameters of all algorithms
are meticulously tuned. The penalty parameter p; for
the augmented Lagrangian function (3), common to both
Stage I of Algorithm 1 and projection-based ADMM, is set
to 10° for nonconvex problem and 10 for convex problem.
The penalty parameter py for the QP function (7) is set
to 10° for nonconvex problem and 10 for convex problem.

Fig. 1 illustrates the convergence behavior of the global
variable z in Stage I of Algorithm 1 applied to both
nonconvex and convex optimization problems. The vertical
axis shows the residual norm ||2[¥] — 2|2 on a logarithmic
scale, while the horizontal axis tracks the iteration count
up to 200. Both curves exhibit linear convergence rates,
which aligns well with the theoretical findings presented in
(Du and Wang, 2025, Theorem 2 and 3). It is worth noting
that the two curves do not start from the same point since
the underlying problems are fundamentally different, with
one being convex and the other nonconvex, consequently
leading to distinct optimal solutions z*. Stage I facilitates
effective convergence across both convex and nonconvex
problems of the form (1) by relaxing the mixed-integer
variables into a continuous space. This performance aligns
with the theoretical expectations established in (Du and
Wang, 2025, Theorem 2 and 3), respectively. These results
provide a reference point via relaxation, establishing a
lower bound for the subsequent Stage II of our algorithm.

Fig. 2 illustrates the convergence behavior of the global
variable z in Stage II of Algorithm 1 for nonconvex and
convex optimization problems. The results demonstrate
that the algorithm effectively converges while the residual
is toward zero in both cases, with the convex problem
converging after 199 iterations and the nonconvex problem
after 237 iterations.

Fig. 3 and Fig. 4 present the energy function (10) profiles
throughout the optimization process for the convex and
nonconvex problems, respectively. In Fig. 3, the distinc-
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1. A comparative analysis of Stage I performance
in Algorithm 1 is conducted for both convex and
nonconvex problems, with parameter settings p; = 10
for convex cases (13) and p; = 10° for nonconvex cases
(12).

Fig.

Convex problem
Non-convex problem

0 50 100 150 200 250
Iteration

Fig. 2. A comparative analysis of Stage II performance
in Algorithm 1 is conducted for both convex and
nonconvex problems, with parameter settings p, =
10 for the convex case (13) and ps = 10° for the
nonconvex cases (12).

tive staircases pattern is observed in the convex case,
characterized by 20 abrupt increases followed by gradual
declines. This behavior is attributed to the outer-loop
updates of the parameter «: each increase in « temporarily
elevates the energy function value, after which the inner-
loop optimization reduces it toward optimality. This pro-
cess terminates in satisfaction of the Boolean constraint.
In Fig. 4, the nonconvex problem shows more frequent
rises in the energy function value within the first 102
iterations, indicating frequent exits from the inner-loop
due to insufficient o values. Once a becomes sufficiently
large after 102 iterations, the energy function decreases
monotonically, converging near its initial value by iteration
237 and satisfying the Boolean constraint.

Figure 5 shows the comparative performance between the
projection-based ADMM Takapoui et al. (2020) and Al-
gorithm 1 in a convex optimization problem. It is impor-
tant to note that ADMM is not generally applicable to
problems containing nonconvex terms. Furthermore, the
projection-based method serves as a heuristic baseline and
lacks convergence theory guarantees. As shown by the blue
curve, the projection-based ADMM method converges to
a local minimum. In contrast, Algorithm 1 (red curve)
proceeds in two distinct stages: in Stage I, it rapidly
converges to the relaxed solution of the problem with con-

2834.2
2834 -

—~ 28338}
~e
=

~—

R 78336

2833.4 1

Convex problem

2833.2 ' '
0 50 100 150 200

Iteration

Fig. 3. Evolution of the energy function E(z[F]) (see (10))
during Stage IT of Algorithm 1 for the convex problem
(13).

8000

5000

Non-convex problem

50 100 150 200 250
Iteration

4000
0

Fig. 4. Evolution of the energy function E(z[k]) during
Stage II of Algorithm 1 for the nonconvex problem
(12).

tinuous relaxation for the Boolean constraint, providing a
high-quality initial point for Stage II. The introduction of
exact Boolean constraint in Stage II leads to a temporary
increase in the objective value, reflecting the formulation’s
shift towards feasibility. After 199 iterations, Algorithm 1
converges to a solution that is superior to that attained
by the projection-based ADMM approach, demonstrating
both improved performance and more rigorous conver-
gence behavior with theoretical guarantee.

2950 . .
Takapoui et al. (2020)
—— Algorithm 1

22900
3
=
=1
(2850

2800 ' ' ' '

0 50 100 150 200 250
Iteration

Fig. 5. Convergence comparison of Algorithm 1 and

Takapoui et al. (2020).
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6. CONCLUSION

In this paper, we presented a novel distributed algorithm
for consensus mixed-integer optimization named Mix-
CALADIN. Our algorithm efficiently handles both convex
and nonconvex optimization problems while eliminating
the dependency on conventional mixed-integer solvers. Nu-
merical simulations validate the algorithm’s performance
and demonstrate its advantages over existing approaches
in the literature.
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