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Convergence Theory of Flexible ALADIN for Distributed Optimization

Xu Du*, Xiaohua Zhou, Shijie Zhu and Apostolos I. Rikos

Abstract— The Augmented Lagrangian Alternating Direction
Inexact Newton (ALADIN) method is a cutting-edge distributed
optimization algorithm known for its superior numerical per-
formance. It relies on each agent transmitting information to
a central coordinator for data exchange. However, in practical
network optimization and federated learning, unreliable infor-
mation transmission often leads to packet loss, posing challenges
for the convergence analysis of ALADIN. To address this issue,
this paper proposes Flexible ALADIN, a random polling variant
of ALADIN, and presents a rigorous convergence analysis,
including global convergence for convex problems and local
convergence for non-convex problems.

I. INTRODUCTION

In recent years, distributed optimization has gained signif-
icant attention, driven by advancements in machine learning
[29], model predictive control [18] and optimal power flow
[11]. These applications, modeled through distributed opti-
mization, can be broadly categorized into two main types: a)
distributed resource allocation optimization [18, Section 2],
shown as Problem (1),

min

N
z;, ER™i Z fl(l‘z)
i=1

N
s. t. zzth$i:=@
=1

b) distributed consensus optimization [3, Chapter 7] shown
as Problem (2),

(O]

N
L, 2 S @
s.t. T =Y.

Here f; : R™ — R for Problem (1) and f; : R® — R
for Problem (2). In the first type, we minimize the sum of
separable objective functions with linear coupling relations
[3], [17]. Here the local decision variables z;s are linearly
coupled with the given matrices A; € R™*"ig and the
vector b € R™. Unlike the first type, the second type (2)
introduces a global variable y € R”, requiring each agent’s
local variable z; € R™ to reach consensus with it.
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To solve the problems in (1) and (2), distributed optimiza-
tion algorithms distribute data across multiple agents in the
network. Two primary approaches are commonly employed:
(a) primal decomposition and (b) dual decomposition [22].
This paper focuses on a class of algorithms derived from
dual decomposition, specifically the Augmented Lagrangian
Alternating Direction Inexact Newton (ALADIN) method
[17], [9]. Here, Typical ALADIN (T-ALADIN) [17], [18]
focuses on solving Problem (1), while Consensus ALADIN
(C-ALADIN) [8], [10], [9] focuses on solving Problem (2).
In detail, T"TALADIN consists of the following updates [18],
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In the first step, each agent updates its local variable x;. No-
tably, the first step of T"ALADIN (3) can also be formulated

as .
argmin f;(z;) + AT Az + g”% —uill?,
Zq

where p > 0, simplifying the setting of the proximal term
[17]. The second step updates the dual variable \ by solving
a coupled quadratic programming (QP) problem that relates
to global variables y;s, where A corresponds to the affine-
coupled constraints in (1). The term B; =~ V2 fl(xf) -
0 represents a local Hessian approximation of f; in (1),
while g; = B;(y; — a::r) — A/ X provides the (sub)gradient
of f;. Similarly, the update process of C-ALADIN [9] is
summarized as follows,

x = argmin fi(as) + A s+ slles — gl

(4, Ay, A7)
“

N
_ argmin Z <%Ay:BiAyi + giTAyz)

Ay eRlzil i 521

st i FAyi=y| N

The main difference between T-ALADIN and C-ALADIN is
that C-ALADIN coordinates the information of all agents by
solving a consensus QP. Further details can be found in [8].
Notably, the statements of T-ALADIN for solving (1) also
hold for C-ALADIN when solving (2).

T-ALADIN and C-ALADIN exhibit excellent numerical
performance, ensuring global convergence for convex prob-
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lems. Additionally, they provide local convergence guaran-
tees for non-convex problems when Linear Independence
Constraint Qualification (LICQ) and Second-Order Suffi-
ciency Conditions (SOSC) are satisfied, as shown in [18],
[9]. Importantly, [10] establishes the global convergence
theory of C-ALADIN for non-convex consensus problems,
see (2). However, the ALADIN framework faces significant
challenges due to its reliance on data synchronization at
each iteration, which limits its scalability. Specifically, in
the context of distributed optimization, to the best of our
knowledge, no existing work has provided a rigorous conver-
gence analysis of ALADIN under packet loss during network
transmission. Furthermore, in federated learning, each agent
is selected with a certain probability in each iteration to
update its local optimization variables and upload them to the
server, which can partially mitigate security risks. Notably,
FedALADIN, a variant of C-ALADIN, represents the first
attempt to integrate C-ALADIN with federated learning and
enhance security—demonstrating competitive performance
against classical federated learning algorithms. However,
its theoretical foundations remain insufficiently explored.
To overcome these synchronization-related challenges, this
paper introduces random polling variants of ALADIN-type
algorithms, providing a more scalable and resilient alterna-
tive.

A. Related Work

Since ALADIN is built upon ADMM (Alternating Direc-
tion Method of Multipliers) and SQP (Sequential Quadratic
Programming) [17], [9], we primarily review the related
work on these two types of algorithms within the context
of asynchronous optimization.

ADMM with asynchronous update structure has been
proposed by many authors. Interestingly, there are two main
names for related work, including Flexible (Randomized)
ADMM [16], [25], [26], [29], [24], [14], [5] and Asyn-
chronous ADMM [28], [6], [21], [27], [15], [23], [1], to
name a few. In the aforementioned literature, to the best of
our knowledge, [27] and [28] were the first to propose the
Consensus ADMM for solving (2) with the asynchronous
structure. Importantly, [16] provided the convergence anal-
ysis of Flexible ADMM in the non-convex cases, which
was further developed by [6], [15], [26]. Additionally, [29]
applied Flexible ADMM in the federated learning while
optimal control scenario has also been covered by [21].

Compared with ADMM, SQP is rarely studied in asyn-
chronous contexts. We found that [20] provided a local
convergence analysis with the random polling variant of SQP.
Interestingly, [19] proposed the first asynchronous version of
T-ALADIN, however, it is applicable only to tree-structure
problems.

B. Contributions

In this paper, we propose random polling variants for
both T-ALADIN and C-ALADIN in Section II to address
packet loss in unstable networks, namely Flexible Typical
ALADIN (FT-ALADIN) and Flexible Consensus ALADIN

(FC-ALADIN), respectively. Importantly, we provide the
convergence theory of FC-ALADIN in Section III. The
related convergence theory papers for ALADIN type algo-
rithms are listed in Table I.
TABLE I
CONVERGENCE ANALYSIS OF ALADIN

Non-smooth
(18], [8],[10],
this paper

Smooth
[18], [81,[10], this paper

(171, [131, 71, [19], [81,[10]
this paper

Attribute

Convex

Non-convex [10], this paper

Notation: In this paper, ()~ denotes the previous value
while (-)T represents the current value. For ease of expres-
sion, (-)* indicates the value of (-) at the k-th iteration for
the given algorithms.

II. FLEXIBLE ALADIN

In this section, we propose Flexible ALADIN for dis-
tributed optimization problems. In details, FT-ALADIN is
proposed for solving (1), as shown in Algorithm 1, and FC-
ALADIN for solving (2), as shown in Algorithm 2.

Algorithm 1 Flexible Typical ALADIN (FT-ALADIN)
Initialization: Initial the global dual variable X and the local primal
variables y;s. Set B; > 0.
Repeat:
1) Agents update:
For i € CT, do:
a) Update the local variable x;:

. 1
wj = argmin f;(z;) + A Az + §||:cZ — yZHzBl
x;

b) Evaluate the new Hessian' B; > 0 and (sub)gradient:
g =plyi —z)) — AL\
For i ¢ C™, set :E:r = mi,B;r = Bi,g;r = g;-
2) Coordination:
a) Evaluate the dual gradient and dual Hessian:

RzzN:Ai (xj—— (Bf)flgf) —b,
i=1

N
M =34, (B AL

=1

(&)

b) Evaluate the dual variable A and update the primal
variables y;s:

{/\+ =M 'R,

_ 6
st =at = (B0 (o v aln). @

Here, we assume the agent ¢ is randomly chosen with prob-
ability p at iteration k for an active set C¥ C {1,--- , N},

such that 1>P (2 c ck) —p>0. )

'Notably, depending on the applications, B; can be approximated with
various methods, i.e. BFGS [12], [8] update or Gauss-Newton Hessian
approximation [7].
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If p = 1 at every iteration, Algorithm 1 reduces to T-
ALADIN [17], and Algorithm 2 reduces to C-ALADIN [8].
Notice that, for the following two algorithms, each agent
is updated at least once during the total K iterations, such
that ¢ € Uszl C". There are two main steps in Algorithm
1 and 2: the parallelizable steps from the agent side and
the coordination steps from the master side. For clarity in
the following algorithmic structure, we define the active set
at each iteration as CT, eliminating the need to explicitly
reference the iteration index k.

Algorithm 2 Flexible Consensus ALADIN (FC-ALADIN)
Initialization: Initial the global variable z, the dual variables \;s.
Set B; > 0.
Repeat:
1) Agents update:
For i € C*, do:
a) Update the local variable x;s:

. 1
mf = argmin f;(x;) + /\;r:r,' + §Hxl — y||23l ®)

b) Evaluate the Hessian and the (sub)gradient:
{Bi+ ~ V2 fi(z) -0,

)
9 =Bily —z) — A

For i ¢ C*, set 2} = z;, B = By, g = g:.
2) Coordination:
a) Update the global variable y:

o (S) (Sean).

=1

(10)

b) Evaluate the local dual variables:

N =Bi(af —y") —g (11)

In Algorithm 1, the closed-form expressions for the second
step of T-ALADIN (3) are given by (5) and (6) (see [18,
Section 3.4]). Similarly, in Algorithm 2, (10) and (11)
provide the closed-form expressions for the second step
of C-ALADIN (4) (see [9]). Notably, Stochastic SQP [20]
can be viewed as a special case of FC-ALADIN by omit-
ting Equation (8) in Algorithm 2, which is equivalent to
setting the coefficient of the proximal term in (8) to in-
finity (see https://www.uiam.sk/~oravec/apvv_
sk_cn/slides/aladin.pdf, page 39). In contrast, re-
taining (8) allows the sub-problem update to support the Con-
sensus QP in collaborative optimization, thereby improving
numerical performance. A detailed numerical comparison in
[8] evaluates FedALADIN, a variant of FC-ALADIN, against
two Consensus ADMM variants, demonstrating the superior
numerical stability of FC-ALADIN.

III. CONVERGENCE THEORY OF FC-ALADIN

In this section, we present the convergence theory of
Algorithm 2 for both smooth and non-smooth cases. In
details, Section III-A establishes the global convergence of
FC-ALADIN for convex problems, Section III-B provides a
local convergence theory for non-convex cases, Section III-C
presents a global convergence analysis for the inexact version

of FC-ALADIN. In this section, the probability operator is
represented as (12),

E[]=p()"+ (1 -p)()
Note that, the convergence analysis of Algorithm 1 is similar

to that of Algorithm 2 and will be presented in an extended
version of this paper.

A. Global Convergence of Exact FC-ALADIN for Strongly
Convex Cases

12)

In this subsection, we assume the objectives f;s are smooth
and strongly convex. To simplify the proof, we further
assume that B; € S} | s are proper, symmetric, and strongly
positive definite constant matrices, as similarly required in
[18, Section 4.2]. Before we provide the convergence theory,
we first introduce the following energy function

N
* (12 * 12
2N =3 (ly =y I, + 12 = Xl ),

i=1

(13)
where y* and A\* denote the optimal solution of (2).

Theorem 1 Let the local objectives f;s in Problem (2) be
closed, proper, smooth, and strongly convex. Let B; € S |
be proper, symmetric, and strictly positive definite constant
matrices. Define x} = y* and \; as the optimal primal and
dual solutions of (2). Given an initial point (y',\!), there
always exists a § > 0 such that FC-ALADIN ensures the
following contraction property,

E[@" ] <af L (N, (14)

where o = (1% +(1 —p)) <1
Proof: See Appendix 1. ]

B. Local Convergence of Exact FC-ALADIN for Smooth
Non-convex Cases

To simplify the convergence proof, we replace Equation
(8) with (15) for the update of the local variable z;, see [9]
and [17],

a2} = argmin f;(z;) + N\ @ + ngEz —yl*. (15)

The following statement is an extension of [8, Appendix H].
In this subsection, let v be an upper bound of the Hessian
approximation error, such that

v > B = V2 fi(a)| - (16)

Moreover, we define o such that | B; + pI|| > o > 0.
We establish the local convergence theory of FC-ALADIN
for smooth non-convex cases by demonstrating Theorem 2.

Theorem 2 Let the local objectives f;s of Problem (2) be
closed, proper, twice continuously differentiable, potentially
non-convex. Let the initial point (z*,y', \') be in a neigh-
borhood of the optimal solution (z*,y*, \*). Let (17)

N
E [i > (pllyk — Y+ I - /\ZH)

i=1

N
>E [Z 2+ — y*ll]

amn

i=1
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be satisfied for all the iterations with Algorithm 2, then

N

PN . .1 ‘
Pk — = 18
B -+ oY } (18)

Proof: See Appendix II. ]

C. Convergence of Inexact FC-ALADIN for Strictly Convex
Cases

AF = A

converges linearly with rate @ < 1.

In some applications, the exact update of (8) may not
be desirable. In this subsection, we assume that each agent
updates x; at each iteration based solely on the closed-form
expressions approximated from (8). We propose Inexact FC-
ALADIN, as described by Equations (19)-(22), to address
cases where (8) can not be updated precisely,

af =y— B (N +0fi(y),ViecT,
g;r = 8fi(x3'),Vi ect,
N -1 /N
yt = (Z Bi> (Z (BiE[z]] - E[gﬂ)> , @D
=1 =1

A= Bi(zf —y") = ofi(a}).

Here Of; denotes the (sub)gradient of f;. Notice that, from
the KKT (Karush-Kuhn-Tucker) conditions of the consensus
QP in FC-ALADIN, see (10) and (11), (23) is satisfied for

all iterations, N N
}:&H:QE:&:O. (23)
i=1 =1

Moreover, for Inexact FC-ALADIN, we assume

19)
(20)

(22)

N
D> 0fi()|| £ G < oo,
=1
N 1 24)
0= Wnind = <Z Bz) = Winaxd = o0,
i=1
where 0 < Wi < W < 00, and define
) _pG Zf:l qu];ax ZZNZ1 HyK - mzKJrl H
= = . ,
e @
02 _(1 _p)GZkzl W ihax Zi:l ||y - H
= 7 .
2 Zk:l \I]r]:ﬂn

The global convergence of Inexact FC-ALADIN, see
Equation (19)-(22), is established by demonstrating the fol-
lowing theorem for strictly convex cases.

Theorem 3 Let the local objectives f;s of Problem (2) be
closed, proper, strictly convex. Let the inequalities of (24) be
satisfied. The Inexact FC-ALADIN, see Equation (19)-(22),
is guaranteed to converge if

Zf:l (\I,Ilfmx)QC:2

Ve — 0,
k=1 Ynin (26)
1+ P2 — 0.
Proof: See Appendix III. ]

Note that, if f;s are smooth, then the subgradients Of;s
are replaced by the gradients V f;s in Inexact FC-ALADIN.

The convergence analysis in this case is identical to that
presented in Appendix III and is not repeated here. Moreover,
for non-convex cases, if the local objectives f;s of Problem
(2) are semi-convex [2, Definition 10 and Equation (18)],
FC-ALADIN can still achieve global convergence with a bi-
level globalization strategy [10].

IV. CONCLUSION

This paper proposes random polling variants of T-
ALADIN and C-ALADIN, termed FT-ALADIN and FC-
ALADIN, respectively, to address packet loss in unstable
networks within the ALADIN framework. Additionally, we
present a convergence analysis of FC-ALADIN under various
scenarios, establishing theoretical guarantees for extending
ALADIN to broader applications. Future research will ex-
plore diverse use cases to evaluate the numerical performance
of the proposed algorithms.

APPENDIX I
PROOF OF THEOREM 1

For p = 1 in Equation (7), FC-ALADIN (see Algorithm 2)
simplifies to C-ALADIN (see [9]). In this case, for strongly
convex problems (2), there always exists a § > 0 such that
the following inequality holds (see [9]),

L") < 5 £l ). @n

In this proof, we adopt a slightly modified notation:
(9, AT) denotes the primal and dual solution generated by
Algorithm 2 for a given (y,\) from the previous iteration.
The energy function (13), corresponding to (57, A1), can be
represented as follows,

E [ﬁ(gt A

v, A)}
=pLy", A7)+ (1 = p)L(y, A) < aLl(y,\).

From (28), with iteration index k, the following inequality
holds,

(28)

E {z(gk, AR

(3]

o e )

(29)

<ot B[t A

', /\1)}
<ot Lyt AY.
By defining E [£(y*, A*)] = E[L(5*, AF)|(g*F1, AF-1)]
for FC-ALADIN, Theorem 1 is then proved.
APPENDIX IT
PROOF OF THEOREM 2

For any agent ¢ € CT, if the optimal point of (15) is
attained at a certain iteration, we have
Vi) +Xi+p (l"j - y) =0,

. . (30)
sz(y ) + A =0.
From Equation (30),
* 1 * *
Plly =yl + =X = Al > Jlaf = 7], 31)
o o
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can be obtained with o < || B; + pI||, see [8, Appendix E].
For i ¢ C™, Inequality (31) does not need to be satisfied.
However, if Inequality (17) satisfies, the local convergence
of Algorithm 2 can be then established.

Note that, for a sufficiently small 0 < v < 1 in (16),
ety Hh < 1 is guaranteed. See [18, Equation (24)], the
followmg inequalities are satisfied,

Z 2

=1

E [Nyt —y*|]] <HE }
(32)

N N
E [z - al] 2B S e y*@ |
i=1 =1

With Equation (32) and (17), (33) is then derived,

<HE

E |25yt

—y*n+§i>w-w]
||y yll+= zﬂ/\ - |]

(33)
(p + g
g

Let the initial point (z*, !, A!) be in a neighborhood of the
optimal solution (x*,y*, A*), Equation (34) is guaranteed,

N
PNy by L ’
E[Uly yll+g; }

(p+1)’Y ko pN 1 * 1 a 1 *
< (“‘7;“*) 7;*” -yl +'5:;£;’|Ai |

Theorem 2 is then proved.

!

(34)

APPENDIX III
PROOF OF THEOREM 3

The proof starts from the update of the global variable y:

oy

2

(35)

- (ZB> > (v + (1 =p)gi) —y"

i=1

By expending the convexity of || - ||? [4, Equation 3.1, A.1],
(36) is obtained

(%)
(52)

2

(B35 <p

e

(Bt gn) Ly

(36)

2

M=

(Biwi — gi)> -y

1

By plugging (19) and (20) into (36), (37) is derived,

()

(_Z Biy — (N + 0fily ))afz-u?))) —y

($0)”

T (A +0fily)) - 5fz‘($i))) -y

(35) <p

2

2

1=1

(37

Taking (23) into account, (38) is guaranteed,

(35) <p yy*(ZBi) (Z afi(y) + ofi(x )))H

i=1

+1=p) |y -y

(x5) (Senrore)

2

= N
y—y - (Z B¢> F
=1

2

=p

+(1-p) y—y*—(ZBz) F
- (38)
where F = YV, (0fi(y) + 0fi(z})) and F~ =
Sy (0fi(y™) + 0fi(x)).

Note that, due to the convexity of f;s, the first part of
Equation (38) is upper bounded according to (24), such that

N —1
() -
=1
-1
-2p(y—y") (ZB> F
24 w2 5 N .

i=1

—2W hin (Z fily) + Zfz(xj) - 22f1‘(?f)>> .

2

* 112
plly—y*lI" +p

(39)

For the same reason, the second part of Equation (37) is
upper bounded by (40),

(1p)<l|y “II” ? Ne) |y

— ||+ AV G 20 G [y — |
N N N
—2W i (Z fily™) + Zfz(xz) — QZfz‘(y )
1=1 1=1 1=1 (40)
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By combining (39) and (40), (41) is then derived,
ly* =y

<plly =y I+ (1 —p)[ly~ -y + 492,G

N N
20 (53 =t -0 S ]
=1

— 2pWmin <Z fily) + Zfi(wf) - QZfi(y*)>
= 2(1 — p)Wumin <Z fily™) + Zfi(u’vz‘) - 22fi(?f)> .

(41)

This indicates that,

2pW min <Z Jily) + Zfl(mj—) - 2Zf2(y*)>
+ 2(1 — p)Ymin <Z fily™) + Z fi(zs) — ZZ fi(y*)>

<plly =y 1P+ =p) [y~ =y |~ v -y + 402.G*

N N
+ 2 G <pz ly =2l +0-p> llv - mH) :
=1 i=1 (42)

By summing up (42) over the iteration index k, (43) is
obtained,

Zfi(ybm) - Zfi(y*)

1 1 * 12 2 *
<—F ((1— — + —
S T (C=p)ly' =y 11>+ lly* = v*|l

K-1 *12 K *12
+o =Dy =y I~ Iy -y IP)
G Y, (he)?

K k
k=1 ¥

min

2

(43)

+ + Y1 + @2,

where Zfil fi(y®") denotes the minimum value that the re-
cursion can achieve during the K iterations. If Equation (25)
satisfies, Inexact FC-ALADIN converges. This completes the
proof.
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